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Abstract. The detection of the B-mode polarization of the cosmic microwave background
(CMB) by the BICEP2 experiment implies that the tensor-to-scalar ratio r should be involved
in the base standard cosmology. In this paper, we extend the ΛCDM+r+neutrino/dark ra-
diation models by replacing the cosmological constant with the dynamical dark energy with
constant w. Four neutrino plus dark energy models are considered, i.e., the wCDM+r+
∑
mν ,
wCDM+r+Neff , wCDM+r+
∑
mν+Neff , and wCDM+r+Neff+m
eff
ν,sterile models. The cur-
rent observational data considered in this paper include the Planck temperature data, the
WMAP 9-year polarization data, the baryon acoustic oscillation data, the Hubble constant
direct measurement data, the Planck Sunyaev-Zeldovich cluster counts data, the Planck CMB
lensing data, the cosmic shear data, and the BICEP2 polarization data. We test the data
consistency in the four cosmological models, and then combine the consistent data sets to
perform joint constraints on the models. We focus on the constraints on the parameters w,∑
mν , Neff , and m
eff
ν,sterile.
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1 Introduction
Discovery of neutrino oscillations has indicated that neutrinos have nonzero masses. Neutrino
oscillation experiments can only place limits on the squared mass differences between the
neutrino mass eigenstates: the solar and reactor experiments observed ∆m221 ' 8 × 10−5
eV2, and the atmospheric and accelerator beam experiments observed ∆m232 ' 3 × 10−3
eV2. To measure the absolute masses of neutrinos, different experiments are needed. In fact,
cosmological data have been providing tight limits on the total mass of neutrinos.
The cosmic microwave background (CMB) observations have been used to constrain the
neutrino mass and possibly the extra relativistic degrees of freedom (sometimes referred to
as “dark radiation”) [1–3]. The latest CMB temperature power spectrum measured by the
Planck satellite mission provided the tight limits on the total mass of active neutrinos,
∑
mν ,
and the effective number of relativistic species, Neff [4]. For example, the Planck+WP+highL
data combination (here, WP denotes the WMAP 9-year polarization data, and highL denotes
the ACT and SPT temperature data) gives the 95% confidence level (CL) limits:
∑
mν <
0.66 eV for the case of no extra relics (Neff = 3.046) and Neff = 3.36
+0.68
−0.64 for the case of
minimal-mass normal hierarchy for the neutrino masses (only one massive eigenstate with
mν = 0.06 eV). Late-time geometric measurements can be used to help reduce some geometric
degeneracies and thus improve constraints. Therefore, the baryon acoustic oscillation (BAO)
data are very useful in the parameter estimation. Note also that the BAO data are proven
to be in good agreement with the Planck data, so one can always combine CMB data with
BAO data without any question. The Planck+WP+highL+BAO data combination changes
the above limits to:
∑
mν < 0.23 eV for the case of no extra relics and Neff = 3.30
+0.54
−0.51 for
the case of minimal-mass normal hierarchy model.
The measurements of the growth of large-scale structure also play a crucial role in
constraining the neutrino mass. The Planck Collaboration reported a result of counts of
rich clusters of galaxies by analyzing its sample of thermal Sunyaev-Zeldovich (SZ) clusters,
σ8(Ωm/0.27)
0.3 = 0.782 ± 0.010 [5]. And the weak lensing data can also give another com-
bination of σ8 and Ωm. The cosmic shear measurement provided by the CFHTLenS survey
gave σ8(Ωm/0.27)
0.46 = 0.774± 0.040 [6]. However, based on the six-parameter base ΛCDM
cosmology, the Planck data predict more clusters than these astrophysical measurements
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observe. The Planck+WP+highL data combination gives σ8(Ωm/0.27)
0.3 = 0.87± 0.02 and
σ8(Ωm/0.27)
0.46 = 0.89± 0.03, in tensions with the above two measurements at the 4.0σ and
2.3σ levels, respectively. In fact, the tensions might just imply non-zero neutrino masses (see,
e.g., Ref. [7]). Increasing neutrino masses could suppress the growth of structure below their
free-streaming length, allowing σ8 to be substantially lower.
On the other hand, the measurement of the Hubble constant H0 is also very useful
in breaking parameter degeneracies in cosmological constraints, but the direct measurement
of H0 is in tension with the Planck result based on the standard cosmology. The direct
measurement gives H0 = 73.8± 2.4 km s−1 Mpc−1 [8], but the six-parameter ΛCDM model
fitting to Planck+WP+highL data gives H0 = 67.3 ± 1.2 km s−1 Mpc−1; there is a tension
at the 2.4σ level between the two. One way of reducing the tension is to increase Neff [4].
Increasing the radiation density at fixed θ∗ (to preserve the angular scales of the acoustic
peaks) and fixed zeq (to preserve the early-ISW effect and so first-peak height) leads to the
increase of the Hubble expansion rate before recombination and thus the decrease of the
age of the universe. The angular scale of the photon diffusion length, θD, is thus increased,
thereby reducing the power in the CMB damping tail at a given multipole. The result is that
Neff is positively correlated with H0.
Therefore, increasing both
∑
mν and Neff could reconcile all the mentioned tensions
between Planck and other astrophysical observations, and on the other hand the combination
of these consistent data sets could determine these parameters more accurately. But in this
case one has to assume the model in which the massive active neutrinos coexist with some
extra radiation degrees of freedom. Actually, a more natural choice is to consider the model
with light sterile neutrinos.
The existence of light massive sterile neutrinos is hinted by the anomalies of short-
baseline neutrino experiments [9–13]. There is evidence for oscillations at a ∆m2 of about
1 eV2 from these experiments. Thus, additional neutrino masses are required. And the
additional types of neutrino have to be sterile neutrinos so that they do not interact by
the weak interaction and do not affect the width of Z0. Through their mixing with active
neutrinos and their gravitational interactions, the sterile neutrinos could have a considerable
effect on astrophysics and cosmology. Therefore, it is particularly important to search for
cosmological evidence of sterile neutrinos through their gravitational effects on the large-scale
structure formation and the evolution of the universe. When considering sterile neutrinos
in a cosmological model, two extra parameters, Neff and m
eff
ν,sterile, are added. Hence, in a
cosmological model with sterile neutrinos, the tensions of Planck withH0 direct measurement,
counts of Planck SZ clusters, and cosmic shear can be substantially relieved [7, 14, 15].
Recently, the BICEP2 Collaboration reported the detection of the B-mode polariza-
tion of the CMB [16]. If the treatment of the foreground model is correct, the BICEP2’s
result indicates the discovery of the primordial gravitational waves (PGWs). The frontiers
of fundamental physics will be pushed forward in an unprecedented way as long as the BI-
CEP2’s result is confirmed by upcoming experiments. Adopting the ΛCDM+r model, the fit
to the observed B-mode power spectrum gives an unexpectedly large tensor-to-scalar ratio,
r = 0.20+0.07−0.05, with r = 0 disfavored at the 7σ level [16]. This result is in tension with the up-
per limit, r < 0.11 (95% CL), given by the fit to the combined Planck+WP+highL data [4].
To explain and/or reduce this tension, numerous proposals have been put forward; see, e.g.,
Refs. [17–32]. An intriguing mechanism for relieving this tension is to involve a sterile neutrino
species in the cosmological model with PGWs [33–38]. In Ref. [33], the model with PGWs
and sterile neutrinos is called ΛCDM+r+νs model (or ΛCDM+r+Neff+m
eff
ν,sterile model). It
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was shown in Refs. [33, 34] that in the ΛCDM+r+νs model the tension between Planck and
BICEP2 is well relieved, and meanwhile, the other tensions of Planck with other astrophysical
observations, such as the H0 direct measurement, the cluster counts, and the cosmic shear
measurement, can all be significantly reduced. In addition, the current consistent cosmo-
logical data could provide independent evidence for the existence of sterile neutrino at high
statistical significance, i.e., a joint analysis of current data prefer ∆Neff ≡ Neff −3.046 > 0 at
the 2.7σ level and a nonzero mass of sterile neutrino at the 3.9σ level [33]. In Ref. [35], other
typical models of neutrino and dark radiation were analyzed with the current observational
data in detail.
In this paper, we investigate the effects of dynamical dark energy on the fits of models
of neutrinos and dark radiation to the current observations. In Ref. [39], it was demonstrated
that the tension between Planck and H0 direct measurement might hint that dark energy
is not the cosmological constant; once a dynamical dark energy is adopted, the tension of
Planck with H0 measurement could be well relieved. Also, it is known that due to the
repulsive gravitational force, dark energy could suppress the growth of large-scale structure.
Therefore, we wish to see if dark energy together with neutrinos could further reduce the
tensions between Planck and other astrophysical observations. On the other hand, we will
combine the consistent data sets to constrain the cosmological parameters concerning dark
energy and neutrinos.
The paper is organized as follows. In Sec. 2, we briefly present the cosmological models
and the observational data we use in this work. In Sec. 3, we test the data consistency for
the models and present the fit results. Conclusion is given in Sec. 4. More detailed fit results
are given in Appendix A.
2 Methodology
In this paper, we consider the extension of the ΛCDM cosmology to models in which dark
energy has a constant w, i.e., the wCDM cosmology. Of course, since the PGWs are likely to
have been detected by BICEP2, the basic framework should be the wCDM+r model. Further
extensions considered in this paper include: (i) active neutrinos with additional parameter∑
mν , (ii) extra dark radiation with additional parameter Neff , (iii) active neutrinos coex-
isting with extra relativistic degrees of freedom, with additional parameters
∑
mν and Neff ,
and (iv) massive sterile neutrinos with additional parameters Neff and m
eff
ν,sterile.
The conventions used in this paper are consistent with those adopted by the Planck
team [4], i.e., those used in the camb Boltzmann code. The base parameters for the basic
eight-parameter wCDM+r model are:
{ωb, ωc, 100θMC, τ, w, ns, ln(1010As), r0.05},
where ωb ≡ Ωbh2 and ωc ≡ Ωch2 are the baryon and cold dark matter densities today,
respectively, θMC is the approximation used in CosmoMC to rs(z∗)/DA(z∗) (the angular size of
the sound horizon at the time of last-scattering), τ is the Thomson scattering optical depth
due to reionization, w is the dark energy equation of state parameter, ns and As are the
power-law spectral index and power of the primordial curvature perturbations, respectively,
and r0.05 is the tensor-to-scalar ratio at the pivot scale k0 = 0.05 Mpc
−1. Flat priors for
the base parameters are used. Note also that the prior ranges for the base parameters are
chosen to be much wider than the posterior in order not to affect the results of parameter
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estimation. We use the CosmoMC package [40] to infer the posterior probability distributions
of parameters.
Next, we describe the observational data sets used in this paper. Actually, this work
is an extension of our previous works [33, 35] to the models of dark energy with constant
w, thus we will use the same data sets to Refs. [33, 35] in order to be easier for a direct
comparison. The data sets we use include the CMB (Planck+WP), BAO, H0, SZ, Lensing
(CMB lensing + weak lensing), and BICEP2.
Planck+WP. We use the CMB TT angular power spectrum data from the first release
of Planck [4], combined with the CMB large-scale TE and EE polarization power spectrum
data form the 9-yr release of WMAP [3]. Note that in some occasions we also abbreviate
Planck+WP to CMB for convenience.
BAO. We use the latest BAO measurements from the data release (DR) 11 of the
Baryon Oscillation Spectroscopic Survey (BOSS) (part of SDSS-III): DV (0.32)(rd,fid/rd) =
(1264 ± 25) Mpc and DV (0.57)(rd,fid/rd) = (2056 ± 20) Mpc, with rd,fid = 149.28 Mpc [41].
Note also that there are some other BAO data sets, e.g., 6dFGS (z = 0.1) [42], SDSS-DR7
(z = 0.35) [43], and WiggleZ (z = 0.44, 0.60, and 0.73) [44], where the three data from the
WiggleZ survey are correlated (with the inverse covariance matrix given by Ref. [44]). This
work is in accordance with our previous papers [33, 35] for the use of the BAO data, i.e., we
only use the latest two most accurate BAO data from the BOSS-DR11. This is sufficient for
our purpose in breaking the CMB parameter degeneracies.
H0. We use the direct measurement of the Hubble constant from the Hubble Space
Telescope (HST) observations, H0 = (73.8± 2.4) km s−1 Mpc−1 [8].
SZ. We use the result of the counts of clusters of galaxies from the sample of Planck
SZ clusters, σ8(Ωm/0.27)
0.3 = 0.782 ± 0.010 [5]. Note that this result is derived by using
the mass function given by Tinker et al. [45]; a different mass function given by Watson et
al. [46] leads to a slightly different value, i.e., σ8(Ωm/0.27)
0.3 = 0.802 ± 0.014. Moreover,
the result also depends on the bias (1 − b) that is assumed to account for all the possible
observational biases including departure from hydrostatic equilibrium, absolute instrument
calibration, temperature inhomogeneities, residual selection bias, etc. Numerical simulations
taking into account of several ingredients of gas physics of clusters give the result of the
bias of (1 − b) = 0.8+0.2−0.1. Adopting the central value, (1 − b) = 0.8, the Planck team found
that the constraints on Ωm and σ8 are in good agreement with previous measurements using
clusters of galaxies [5]. The result of σ8(Ωm/0.27)
0.3 quoted in this paper is derived by
fixing (1 − b) = 0.8. The result is changed to σ8(Ωm/0.27)0.3 = 0.764 ± 0.025, if the bias is
allowed to vary in the range of [0.7, 1]. In Table 2 of Ref. [5], other values of σ8(Ωm/0.27)
0.3
from various data combinations and analysis methods are also given. But in this paper, in
accordance with previous works by us and by other authors, we choose to use the result of
σ8(Ωm/0.27)
0.3 = 0.78± 0.01.
Lensing. We use two kinds of lensing data, i.e., the CMB lensing power spectrum Cφφ`
from the Planck mission [47] and the cosmic shear measurement of weak lensing from the
CFHTLenS survey, σ8(Ωm/0.27)
0.46 = 0.774 ± 0.040 [6]. Of course, they are two absolutely
different, physically and observationally independent data sets.
BICEP2. We use the CMB angular power spectra (TT, TE, EE, and BB) data from
the BICEP2 [16].
Since it has been proven that the Planck data are in good agreement with the BAO data,
we can alway safely combine Planck+WP with BAO. So the Planck+WP+BAO combination
is the basic data combination used in this paper. In the six-parameter base ΛCDM model, it
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was shown that the Planck data are in tension with the H0 direct measurement, the cluster
counts, and the cosmic shear measurement at the 2–3 σ level [4]. In the seven-parameter
ΛCDM+r model, the Planck temperature data are also in tension with the BICEP2 polar-
ization data [16]. It has been demonstrated that the ingredients such as dark energy, dark
radiation, and neutrinos could help relieve these tensions to some extent [33–39]. Therefore,
in this paper, we will test the data consistency in the cosmological models with dark energy,
dark radiation, and neutrinos.
As mentioned above, we consider four models in this paper, i.e., (i) the wCDM+r+
∑
mν
model, (ii) the wCDM+r+Neff model, (iii) the wCDM+r+
∑
mν+Neff model, and (iv) the
wCDM+r+Neff+m
eff
ν,sterile model. We will constrain these models by using the Planck +
WP + BAO data, and then compare the derived results with the observations of H0, SZ
cluster counts, cosmic shear, and tensor-to-scalar ratio. This could test if in these models
the Planck+WP+BAO data are consistent with these astrophysical observations. If these
data sets are consistent, we can then combine these data together and use them to constrain
the parameters concerning dark energy, dark radiation, neutrinos, and so on. But if the data
are still in tension, the direct combination of different data sets is not appropriate. The
subsequent data fits are based on this data consistency test analysis, and the fit results will
be discussed in detail.
3 Results and discussion
3.1 Data consistency tests
We first constrain the four models using the Planck+WP+BAO data. Figure 1 shows the
fit results in the Ωm–H0, Ωm–σ8, and ns–r0.002 planes. To exhibit the effects of dynamical
dark energy, we also compare the results of wCDM + neutrino models with those of ΛCDM
+ neutrino models (purple contours vs. blue contours). The first-row panels are for the
ΛCDM/wCDM+r+
∑
mν models, the second-row panels are for the ΛCDM/wCDM+r+Neff
models, the third-row panels are for the ΛCDM/wCDM+r+
∑
mν+Neff models, and the
fourth-row panels are for the ΛCDM/wCDM+r+Neff+m
eff
ν,sterile models. The gray bands are
from the observational results, i.e., the HST result of Hubble constant H0 = 73.8 ± 2.4 km
s−1 Mpc−1 [8], the Planck result of SZ cluster counts σ8(Ωm/0.27)0.3 = 0.782±0.010 [5], and
the BICEP2 result of tensor-to-scalar ratio r = 0.20+0.07−0.05 [16]. From the comparison of the
contours from CMB+BAO with the bands from other astrophysical observations, one can
directly test the consistency between different data sets.
First, we discuss the results of the ΛCDM/wCDM+r+
∑
mν models (see the first-row
panels). From the Ωm–H0 plane, we clearly see that the tension on H0 appearing in the
ΛCDM-based model is greatly relieved once a dynamical dark energy is considered. But
even in the wCDM-based model, Ωm and H0 are still in strong degeneracy. Since w is anti-
correlated with H0, we infer that a larger H0 may prefer a phantom energy with w < −1.
From the Ωm–σ8 plane, we see that the consideration of dynamical dark energy amplifies
the parameter space but nearly does not improve the reduction of the tension in the Ωm–σ8
plane. Since w is anti-correlated with σ8 but positively correlated with Ωm, the effect of
w on σ8(Ωm/0.27)
0.3 would be canceled a lot, leading to the fact that only
∑
mν plays a
significant role in relieving the tension between Planck CMB and SZ cluster counts. From
the ns–r0.002 plane, we see that w could not affect the value of tensor-to-scalar ratio.
Next, we discuss the results of the ΛCDM/wCDM+r+Neff models (see the second-row
panels). In the base ΛCDM model, the Planck prediction of H0 is in tension with the direct
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Figure 1. The Planck+WP+BAO constraints in the Ωm–H0, Ωm–σ8, and ns–r0.002 planes
for the ΛCDM/wCDM+r+
∑
mν models (first-row panels), the ΛCDM/wCDM+r+Neff mod-
els (second-row panels), the ΛCDM/wCDM+r+
∑
mν+Neff models (third-row panels), and the
ΛCDM/wCDM+r+Neff+m
eff
ν,sterile models (fourth-row panels). The gray bands stand for the ob-
servational results, i.e., the HST result of Hubble constant H0 = 73.8 ± 2.4 km s−1 Mpc−1 [8], the
Planck result of SZ cluster counts σ8(Ωm/0.27)
0.3 = 0.782 ± 0.010 [5], and the BICEP2 result of
tensor-to-scalar ratio r = 0.20+0.07−0.05 [16].
measurement of H0 at about the 2.5σ level, but once Neff is considered to be free, this
tension could be relieved greatly, as shown by the blue contours in the Ωm–H0 plane for the
ΛCDM+r+Neff model. Further introducing w does not lead to more impact on H0 (as shown
by the purple contours in the Ωm–H0 plane), from which one can infer that the fit of this
model to the CMB+BAO data would give the result of w around −1. In the Ωm–σ8 plane,
we can see that the parameter Neff does not help reduce the tension between Planck data
and cluster data, but the parameter w could play a significant role in relieving this tension.
Due to the repulsive gravitational force of dark energy, the growth of large-scale structure is
suppressed by dark energy. Contrary to our intuition, larger w gives rise to more suppression
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ΛCDM+r ΛCDM+r+Neff+m
eff
ν,sterile wCDM+r wCDM+r+Neff+m
eff
ν,sterile
Parameter 68% limits tension 68% limits tension 68% limits tension 68% limits tension
H0 67.80
+0.64
−0.63 2.4σ 70.8
+1.7
−2.1 1.0σ 69.0
+1.8
−2.6 1.6σ 71.9
+2.3
−3.2 0.6σ
σ8(Ωm/0.27)
0.3 0.857± 0.015 4.3σ 0.842+0.038−0.029 2.0σ 0.868± 0.026 3.2σ 0.840
+0.039
−0.034 1.7σ
σ8(Ωm/0.27)
0.46 0.876+0.019−0.018 2.3σ 0.858
+0.038
−0.030 1.7σ 0.882
+0.024
−0.023 2.3σ 0.853
+0.041
−0.033 1.5σ
r0.002 < 0.12 (95%) < 0.20 (95%) < 0.11 (95%) < 0.20 (95%)
Table 1. Predictions of the values of H0, σ8(Ωm/0.27)
0.3, σ8(Ωm/0.27)
0.46, and r0.002 given by the
ΛCDM+r, ΛCDM+r+Neff+m
eff
ν,sterile, wCDM+r, and wCDM+r+Neff+m
eff
ν,sterile models under the
constraints from Planck+WP+BAO. Quantified levels of the tensions with the observational results
are also given.
of the structure growth; in other words, larger w leads to smaller σ8 (or, w and σ8 are in
the anti-correlation). The reason is that for larger w and fixed present dark energy density,
dark energy comes to dominate earlier, causing the time of suppressing the growth of linear
matter perturbation to be longer. Since w is positively correlated with Ωm, larger w would
lead to larger Ωm. The effects of w on σ8 and Ωm are contrary, and thus some offset happens
for the quantity σ8(Ωm/0.27)
0.3, resulting in that increasing w still could not well relieve
the tension (as shown by the purple contours in the Ωm–σ8 plane). Since Neff is positively
correlated with ns, and w is also positively correlated with ns, they can both contribute to
enhance the value of r, but it seems that even in the wCDM+r+Neff model the tension of r
is still not well relieved.
At last, we discuss the results of both the ΛCDM/wCDM+r+
∑
mν+Neff models and
the ΛCDM/wCDM+r+Neff+m
eff
ν,sterile models (see the third-row and the last-row panels).
Since the results of the two cases are very similar (see also Ref. [35]), we only focus on the
case of sterile neutrino. We can see clearly that in the models involving sterile neutrinos all
the tensions could be well relieved; see also Refs. [33–38]. In addition, when w is considered,
the tensions will be further reduced, as shown by the Ωm–H0 and the Ωm–σ8 panels. In order
to quantify how the data consistencies are improved by the sterile neutrino and dynamical
dark energy, we give the fit results of H0, σ8(Ωm/0.27)
0.3, σ8(Ωm/0.27)
0.46, and r0.002 for the
ΛCDM+r, the ΛCDM+r+Neff+m
eff
ν,sterile, the wCDM+r, and the wCDM+r+Neff+m
eff
ν,sterile
models in Table 1. The levels of tensions between fit results and observational results are also
given. Under the constraints from Planck+WP+BAO, considering sterile neutrino improves
the tension with H0 from 2.4σ to 1.0σ, the tension with SZ cluster counts from 4.3σ to 2.0σ,
and the tension with cosmic shear from 2.3σ to 1.7σ, respectively; considering dynamical
dark energy (with constant w) improves the above levels of tensions to 1.6σ, 3.2σ, and
2.3σ, respectively; simultaneous consideration of sterile neutrino and dynamical dark energy
improves the tension levels to 0.6σ, 1.7σ, and 1.5σ, respectively. But in this case dynamical
dark energy nearly does not affect the fit result of r0.002.
From the above analysis, we find that considering dynamical dark energy with con-
stant w could further improve the data consistency. In the wCDM+r+
∑
mν model, the
CMB+BAO data are basically consistent with H0, SZ cluster counts, and cosmic shear data,
but still in tension with the BICEP2 data. In the wCDM+r+Neff model, the CMB+BAO
data are consistent with the H0 measurement, but still in some tension with cluster data
and BICEP2 data (though the previous tensions are further reduced to some extent). In the
wCDM+r+
∑
mν+Neff model and the wCDM+r+Neff+m
eff
ν,sterile model, the CMB+BAO
data are consistent with all the data sets considered, and thus these data sets can be com-
bined together to perform joint constraints on these two models almost without any question.
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Figure 2. One-dimensional posterior distributions for the wCDM+r+
∑
mν model (upper) and the
wCDM+r+Neff model (lower).
3.2 Constraints on dark energy, dark radiation, and neutrinos
In this subsection, we give the fit results for the four models. Of course, we focus on the
constraint results of dark energy, dark radiation, and neutrinos.
Figure 2 shows the fit results for the wCDM+r+
∑
mν model and the wCDM+r+Neff
model. In this figure, the one-dimensional posterior possibility distributions of w and
∑
mν
are plotted for the wCDM+r+
∑
mν model, and those of w and Neff are plotted for the
wCDM+r+Neff model. Black curves are from the Planck+WP+BAO constraints, and red
curves are from the Planck+WP+BAO+H0+SZ+Lensing constraints.
For the wCDM+r+
∑
mν model, the CMB+BAO data combination gives the constraint
results:
w = −1.14+0.17−0.11,∑
mν < 0.48 eV. (3.1)
Here, we show the ±1σ errors for w, and show the 95% CL upper limit for ∑mν . Note
that throughout the paper we quote ±1σ errors, but when the parameters cannot be well
constrained we only give the 2σ upper limits for these parameters. The constraints on Ωm
and H0 are: Ωm = 0.293
+0.021
−0.018 and H0 = 70.1
+2.3
−3.2 km s
−1 Mpc−1. Since the CMB+BAO
data are basically consistent with the other astrophysical data (note that in this subsection
we do not discuss BICEP2), one can also combine these data together. For convenience,
hereafter we also use “other” to denote the data combination of H0+SZ+Lensing. The
– 8 –
CMB+BAO+other data combination leads to:
w = −1.34+0.10−0.12,∑
mν = 0.58
+0.11
−0.10 eV. (3.2)
One can clearly see that once the other data sets are combined, the value of w becomes
smaller. In fact, even though the consideration of dynamical dark energy could relieve the
tension of H0, the strong degeneracy between Ωm and H0 still exists; recall the discussion in
the last subsection. So, when the other data sets are added, the Ωm–H0 degeneracy is partly
broken, resulting in that the Ωm becomes smaller and H0 becomes larger: Ωm = 0.272
+0.013
−0.014
and H0 = 73.3± 2.0 km s−1 Mpc−1. Since w and H0 are in anti-correlation, larger H0 leads
to smaller w. This is why w becomes smaller in this case. In addition, the neutrino mass is
sensitive to the cluster data, and so the combination with SZ and Lensing data could tighten
the constraint on
∑
mν .
For the wCDM+r+Neff model, the CMB+BAO data combination gives:
w = −0.96+0.12−0.09,
Neff = 3.63
+0.38
−0.42. (3.3)
In this case, we also have Ωm = 0.306
+0.017
−0.015 and H0 = 70.1
+2.0
−2.4 km s
−1 Mpc−1. From the
discussion in the last subsection, we learn that the CMB+BAO data are not well consistent
with the SZ cluster counts data, and so in principle it is not appropriate to combine them
together. If we combine these data together (CMB+BAO+other), we get the results:
w = −0.85+0.08−0.06,
Neff = 3.63
+0.39
−0.43. (3.4)
We must keep in mind that the above results are from the tensioned data combination and
thus are not reliable. Since the SZ cluster counts data give a lower σ8, we obtain a much
higher w in this case (recall that w and σ8 are in anti-correlation; see the relevant discussion
in the last subsection). Neff is insensitive to the cluster and cosmic shear data, and so in this
case the constraint on Neff is not changed. In this case, we have Ωm = 0.306 ± 0.012 and
H0 = 68.7± 1.5 km s−1 Mpc−1.
Figure 3 summarizes the main results for the wCDM+r+
∑
mν+Neff model and the
wCDM+r+Neff+m
eff
ν,sterile model. In this figure, the two-dimensional posterior possibility
distribution contours in the Ωm–w and
∑
mν–Neff planes are plotted for the active neutrino
model, and those in the Ωm–w and m
eff
ν,sterile–Neff planes are plotted for the sterile neutrino
model. Purple contours are from the CMB+BAO constraints, and blue contours are from
the CMB+BAO+other constraints. As discussed in the last subsection, in these two models
the CMB+BAO data are consistent with the other observations considered in this paper,
and thus the combination of these data sets is viewed as appropriate. In the following we
report the fit results for the two models.
For the wCDM+r+
∑
mν+Neff model, the CMB+BAO data give the fit results:
w = −1.05+0.17−0.11,∑
mν < 0.651 eV, Neff = 3.68
+0.38
−0.45. (3.5)
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Figure 3. Two-dimensional joint, marginalized constraints for the wCDM+r+
∑
mν+Neff model
(upper) and the wCDM+r+Neff+m
eff
ν,sterile model (lower).
In this case, we have Ωm = 0.299
+0.021
−0.016 and H0 = 71.6
+2.4
−3.2 km s
−1 Mpc−1. Furthermore, the
CMB+BAO+other data give the fit results:
w = −1.22+0.14−0.12,∑
mν = 0.69
+0.13
−0.15 eV, Neff = 3.66
+0.35
−0.41. (3.6)
In this case, we have Ωm = 0.283 ± 0.015 and H0 = 74.1 ± 2.0 km s−1 Mpc−1. From the
upper panels of Fig. 3, one can see that the CMB+BAO data are well consistent with the
other astrophysical data for this model.
For the wCDM+r+Neff+m
eff
ν,sterile model, the CMB+BAO data combination gives the
constraint results:
w = −1.06+0.16−0.11,
Neff = 3.68
+0.38
−0.45, m
eff
ν,sterile < 0.70 eV. (3.7)
In this case, we have Ωm = 0.298
+0.020
−0.017 and H0 = 71.9
+2.3
−3.2 km s
−1 Mpc−1. Furthermore, the
CMB+BAO+other data give the constraint results:
w = −1.20± 0.10,
Neff = 3.56
+0.15
−0.33, m
eff
ν,sterile = 0.70± 0.16 eV. (3.8)
In this case, we have Ωm = 0.283
+0.013
−0.014 and H0 = 73.7± 2.0 km s−1 Mpc−1. The same to the
above active neutrino model, we also find from the lower panel of Fig. 3 that the CMB+BAO
data are well consistent with the other observations for the sterile neutrino model.
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Figure 4. Two-dimensional joint, marginalized constraints in the r0.002 − ns plane for the four
models.
We find that the wCDM-based neutrino models fit the cosmological data much better
than the corresponding ΛCDM-based models. The χ2min values of the wCDM-based models
are given in Tables 2–5 in Appendix A, and those of the corresponding ΛCDM-based mod-
els can be found in Tables 1–4 of Ref. [35]. Note that in these tables actually the values
of − lnLmax = χ2min/2 are given. Fits to the CMB+BAO+other data lead to an increase
of ∆χ2 = −10.54 for the wCDM+r+∑mν model, ∆χ2 = −3.64 for the wCDM+r+Neff
model, ∆χ2 = −4.28 for the wCDM+r+∑mν+Neff model, and ∆χ2 = −7.5 for the
wCDM+r+Neff+m
eff
ν,sterile model, compared to the corresponding ΛCDM-based models. Ac-
cording to the Akaike information criterion, if χ2min improves by 2 or more with one additional
parameter, its incorporation is justified. In this context, the performance of wCDM-based
models (with only one more additional parameter beyond the corresponding ΛCDM-based
models) improves χ2min significantly.
Furthermore, to see how the additional neutrino/dark radiation parameters improve
the fits in the framework of wCDM, we report the χ2 value of fitting the wCDM+r model
to the CMB+BAO+other data, χ2min = 9841.00. Therefore, compared to this model, we
get ∆χ2 = −18.12 for the wCDM+r+∑mν model, ∆χ2 = −1.36 for the wCDM+r+Neff
model, ∆χ2 = −18.42 for the wCDM+r+∑mν+Neff model, and ∆χ2 = −22.02 for the
wCDM+r+Neff+m
eff
ν,sterile model. It is clear to see that the neutrino mass plays a more
important role than Neff in the fits.
3.3 Early-universe parameters and BICEP2
In this subsection we consider the constraints on ns and r and the BICEP2 data. Figure 4
shows the two-dimensional joint constraints on the four model in the ns–r0.002 plane. The
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orange contours are for the CMB+BAO data, the purple ones are for the CMB+BAO+other
data, and the blue ones are for the CMB+BAO+other+BICEP2 data.
For the wCDM+r+
∑
mν model and the wCDM+r+Neff model, since the tension be-
tween Planck and BICEP2 cannot be greatly reduced, we are not interested in these two
models for this aspect. We thus only give the 95% CL upper limits of r0.002 given by the
CMB+BAO data for these two models: r0.002 < 0.125 for the wCDM+r+
∑
mν model and
r0.002 < 0.165 for the wCDM+r+Neff model.
In the wCDM+r+
∑
mν+Neff model and the wCDM+r+Neff+m
eff
ν,sterile model, the ten-
sion of r between Planck and BICEP2 can be well relieved, and so we are interested in these
two cases. For the wCDM+r+
∑
mν+Neff model, the CMB+BAO data give:
ns = 0.983
+0.015
−0.017, r0.002 < 0.200. (3.9)
Furthermore, the CMB+BAO+other+BICEP2 give the results:
ns = 0.989± 0.013, r0.002 = 0.200+0.039−0.049. (3.10)
For the wCDM+r+Neff+m
eff
ν,sterile model, the CMB+BAO data give:
ns = 0.984
+0.014
−0.017, r0.002 < 0.199. (3.11)
Furthermore, the CMB+BAO+other+BICEP2 give the results:
ns = 0.987
+0.014
−0.013, r0.002 = 0.193
+0.038
−0.050. (3.12)
At last, we discuss the goodness of fits to the full data combination (with BICEP2
involved) for these two models. To see the role the parameter w plays in the fits, we take the
ΛCDM-based models as references, and we obtain ∆χ2 = −1.78 for the wCDM+r+∑mν+Neff
model, and ∆χ2 = −3.04 for the wCDM+r+Neff+meffν,sterile model. Furthermore, to see
how the two additional parameters relevant to neutrino/dark radiation improve the fits in
the framework of wCDM, we choose the wCDM+r model as a reference. In this case, we
have χ2min = 9884.78 for the wCDM+r model. Therefore, we get ∆χ
2 = −20.44 for the
wCDM+r+
∑
mν+Neff model, and ∆χ
2 = −20.18 for the wCDM+r+Neff+meffν,sterile model.
4 Conclusion
Based on the standard ΛCDM cosmology, the Planck data are in good agreement with
the BAO data, but are in tension with other astrophysical observations, such as the H0
direct measurement, the SZ cluster counts, the cosmic shear measurement, and so on [4].
Some ingredients such as dark radiation, massive neutrinos, and dynamical dark energy were
proposed to be considered in the cosmological model to reduce the tensions. In particular,
extra sterile neutrino species, with additional parameters Neff and m
eff
ν,sterile, was used to
resolve the tensions between Planck and other astrophysical observations. Then, after the
detection of the B-mode polarization of the CMB by the BICEP2 experiment, which implies
that the PGWs were possibly discovered, the base standard cosmology should at least be
extended to the ΛCDM+r model [16]. However, it was found that the BICEP2’s result of
r is in tension with the Planck’s fit result. Again, it was proposed that the sterile neutrino
can be used to reconcile the PGW results from BICEP2 and Planck [33, 34]. Other cases
concerning neutrinos and dark radiation were also investigated in detail [35].
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In this paper, we study the neutrino cosmological models in which the cosmological con-
stant is replaced with the dynamical dark energy with constant w. Four cases are considered,
i.e., the wCDM+r+
∑
mν model, the wCDM+r+Neff model, the wCDM+r+
∑
mν+Neff
model, and the wCDM+r+Neff+m
eff
ν,sterile model. The observational data we consider in this
paper include the Planck+WP, BAO, H0, Planck SZ cluster, Planck CMB lensing, cosmic
shear, and BICEP2 data. We first tested the consistency of these data sets in the four cos-
mological models, and then performed joint constraints on the properties of dark energy and
neutrinos.
For the wCDM+r+
∑
mν model, the consideration of dynamical dark energy is rather
helpful in relieving the tension of H0, but even in this model Ωm and H0 are still in strong
degeneracy; the dark energy parameter w does not help much to reduce the tension between
Planck and SZ cluster counts, and so only
∑
mν plays a significant role in this aspect; also,
w could not affect the value of r. Thus, the CMB+BAO data are basically consistent with
other observations (except for BICEP2). The CMB+BAO constraint gives: w = −1.14+0.17−0.11
and
∑
mν < 0.48 eV. The CMB+BAO+H0+SZ+Lensing constraint gives: w = −1.34+0.10−0.12
and
∑
mν = 0.58
+0.11
−0.10 eV.
For the wCDM+r+Neff model, the dark energy parameter w does not lead to more
impact on H0, but plays a significant role in reducing the tension of SZ cluster counts; larger
w leads to smaller σ8 and larger Ωm, so some offset happens for the quantity σ8(Ωm/0.27)
0.3,
resulting in that the consideration of w still could not well relieve the tension between Planck
and clusters; w can enhance the value of r in this case (it is positively correlated with ns),
but the tension of r still cannot be well relieved. The CMB+BAO data combination gives
the results: w = −0.96+0.12−0.09, Neff = 3.63+0.38−0.42, and r0.002 < 0.165.
The results of the active neutrinos plus dark radiation model and the sterile neutrino
model are very similar. So we only took the sterile neutrino model as an example to an-
alyze the data consistency. We found that in this model all the tensions considered are
greatly reduced. Under the constraint from CMB+BAO, for the ΛCDM+r model, the ten-
sions with H0, SZ clusters, and cosmic shear are 2.4σ, 4.3σ, and 2.3σ, respectively; for the
wCDM+r+Neff+m
eff
ν,sterile model, the above tensions are reduced to 0.6σ, 1.7σ, and 1.5σ.
The sterile neutrinos could well reconcile the r results from BICEP2 and Planck, and in this
case dynamical dark energy does not further improve the r result.
For the wCDM+r+
∑
mν+Neff model, the CMB+BAO+H0+SZ+Lensing constraint
gives: w = −1.22+0.14−0.12,
∑
mν = 0.69
+0.13
−0.15 eV, and Neff = 3.66
+0.35
−0.41; further adding the BI-
CEP2 data, we have ns = 0.989±0.013 and r0.002 = 0.200+0.039−0.049. For the wCDM+r+Neff+meffν,sterile
model, the CMB+BAO+H0+SZ+Lensing data combination leads to: w = −1.20 ± 0.10,
Neff = 3.56
+0.15
−0.33, and m
eff
ν,sterile = 0.70 ± 0.16 eV. Further adding the BICEP2 data gives:
ns = 0.987
+0.014
−0.013 and r0.002 = 0.193
+0.038
−0.050.
From our analysis, we found that both the wCDM+r+
∑
mν+Neff model and the
wCDM+r+Neff+m
eff
ν,sterile model are successful in relieving the tensions between Planck and
other astrophysical observations. However, in the wCDM+r+
∑
mν+Neff model, one has to
assume that the massive active neutrinos coexist with dark radiation, and thus we believe
that the sterile neutrino model is more natural. To further tightly constrain the property of
dark energy, accurate type Ia supernova data are needed. We leave the further analysis on
the sterile neutrinos plus dark energy model in future work.
– 13 –
Planck+WP+BAO +H0+SZ+Lensing +BICEP2
Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits
Ωbh
2 0.02236 0.02202+0.00027−0.00026 0.02215 0.02211± 0.00024 0.02200 0.02205± 0.00023
Ωch
2 0.1180 0.1193± 0.0023 0.1172 0.1171+0.0013−0.0012 0.1176 0.1169
+0.0013
−0.0012
100θMC 1.04130 1.04124± 0.00059 1.04103 1.04136+0.00055−0.00056 1.04119 1.04136± 0.00055
τ 0.098 0.090+0.012−0.014 0.093 0.093
+0.012
−0.014 0.092 0.093
+0.012
−0.013
Σmν 0.039 < 0.480 0.580 0.584
+0.111
−0.097 0.545 0.581
+0.115
−0.094
w −1.01 −1.14+0.17−0.11 −1.30 −1.34
+0.10
−0.12 −1.35 −1.34
+0.10
−0.12
ns 0.9651 0.9605± 0.0068 0.9632 0.9599± 0.0059 0.9623 0.9621+0.0057−0.0058
ln(1010As) 3.100 3.086
+0.024
−0.025 3.088 3.087
+0.023
−0.025 3.084 3.086
+0.022
−0.025
r0.05 0.010 < 0.133 0.051 < 0.152 0.180 0.181
+0.034
−0.039
ΩΛ 0.701 0.707
+0.018
−0.021 0.720 0.728
+0.014
−0.013 0.730 0.730± 0.014
Ωm 0.299 0.293
+0.021
−0.018 0.280 0.272
+0.013
−0.014 0.270 0.270± 0.014
σ8 0.835 0.830± 0.037 0.780 0.786± 0.015 0.797 0.787+0.015−0.016
H0 68.6 70.1
+2.3
−3.2 72.0 73.3± 2.0 73.5 73.4± 2.0
r0.002 0.0094 < 0.125 0.046 < 0.143 0.171 0.173
+0.034
−0.042
− lnLmax 4904.82 4911.44 4934.33
Table 2. Fitting results for the wCDM+r+
∑
mν model. We quote ±1σ errors, but for the
parameters that cannot be well constrained, we quote the 95% CL upper limits.
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A Detailed constraint results
In this appendix, we give the detailed constraint results for the four cosmological models
considered in this paper. The one- and two-dimensional joint, marginalized posterior prob-
ability distributions of the parameters for the models are shown in Figs. 5–8. Detailed fit
values for the cosmological parameters are given in Tables 2–5. In the tables, the ±1σ errors
are quoted, but for the parameters that cannot be well constrained, only the 2σ upper limits
are given.
Figure 5 and Table 2 summarize the fit results for the wCDM+r+
∑
mν model. Figure 6
and Table 3 summarize the fit results for the wCDM+r+Neff model. Figure 7 and Table 4
summarize the fit results for the wCDM+r+
∑
mν+Neff model. Figure 8 and Table 5 sum-
marize the fit results for the wCDM+r+Neff+m
eff
ν,sterile model.
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2 0.1238 0.127+0.0054−0.0061 0.1179 0.1207
+0.0049
−0.0053 0.1214 0.1234± 0.0048
100θMC 1.04106 1.04057
+0.00073
−0.00072 1.04095 1.04114
+0.00071
−0.00072 1.04112 1.04092
+0.00068
−0.00069
τ 0.098 0.095+0.013−0.016 0.087 0.091
+0.014
−0.016 0.081 0.093
+0.013
−0.015
w −0.974 −0.962+0.120−0.087 −0.886 −0.847
+0.075
−0.059 −0.832 −0.819
+0.067
−0.053
Neff 3.4 3.63
+0.38
−0.42 3.41 3.63
+0.39
−0.43 3.66 3.86
+0.38
−0.41
ns 0.975 0.983
+0.016
−0.017 0.985 0.995± 0.016 0.996 1.005± 0.015
ln(1010As) 3.116 3.115± 0.032 3.082 3.094+0.032−0.035 3.078 3.104
+0.03
−0.034
r0.05 0.002 < 0.158 0.024 < 0.203 0.192 0.188
+0.034
−0.042
ΩΛ 0.694 0.694
+0.015
−0.017 0.701 0.694± 0.012 0.69 0.692± 0.011
Ωm 0.306 0.306
+0.017
−0.015 0.299 0.306± 0.012 0.31 0.308± 0.011
σ8 0.838 0.838
+0.033
−0.037 0.776 0.772± 0.013 0.763 0.77± 0.012
H0 69.3 70.1
+2.0
−2.4 68.7 68.7± 1.5 68.4 69.2± 1.4
r0.002 0.002 < 0.165 0.023 < 0.224 0.205 0.207
+0.040
−0.054
− lnLmax 4903.64 4919.82 4940.82
Table 3. Fitting results for the wCDM+r+Neff model. We quote ±1σ errors, but for the parameters
that cannot be well constrained, we quote the 95% CL upper limits.
Planck+WP+BAO +H0+SZ+Lensing +BICEP2
Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits
Ωbh
2 0.02217 0.02245+0.00038−0.00041 0.02244 0.02253
+0.00034
−0.00037 0.02272 0.02261
+0.00034
−0.00035
Ωch
2 0.1253 0.1274+0.0054−0.0062 0.1224 0.1250
+0.0047
−0.0055 0.1256 0.1276
+0.0048
−0.0047
100θMC 1.04043 1.04047
+0.00076
−0.00075 1.04095 1.04060
+0.00071
−0.00072 1.04089 1.04036± 0.00067
τ 0.096 0.095+0.014−0.016 0.093 0.099
+0.013
−0.016 0.104 0.102
+0.013
−0.015
Σmν 0.052 < 0.651 0.61 0.69
+0.13
−0.15 0.60 0.72
+0.15
−0.14
w −0.99 −1.05+0.17−0.11 −1.19 −1.22
+0.14
−0.12 −1.11 −1.18
+0.14
−0.11
Neff 3.51 3.68
+0.38
−0.45 3.52 3.66
+0.35
−0.41 3.73 3.87± 0.36
ns 0.979 0.983
+0.015
−0.017 0.978 0.981
+0.014
−0.015 0.988 0.989± 0.013
ln(1010As) 3.115 3.116
+0.031
−0.036 3.102 3.119
+0.031
−0.035 3.131 3.129
+0.03
−0.032
r0.05 0.009 < 0.188 0.047 < 0.202 0.172 0.190
+0.035
−0.04
ΩΛ 0.700 0.701
+0.016
−0.021 0.720 0.717± 0.015 0.709 0.714
+0.015
−0.016
Ωm 0.300 0.299
+0.021
−0.016 0.280 0.283± 0.015 0.291 0.286
+0.016
−0.015
σ8 0.847 0.820± 0.037 0.771 0.776+0.015−0.017 0.774 0.773
+0.015
−0.016
H0 70.3 71.6
+2.4
−3.2 73.5 74.1± 2.0 72.9 74.3
+1.9
−2.1
r0.002 0.009 < 0.200 0.044 < 0.213 0.177 0.200
+0.039
−0.049
− lnLmax 4904.45 4911.29 4932.17
Table 4. Fitting results for the wCDM+r+
∑
mν+Neff model. We quote ±1σ errors, but for the
parameters that cannot be well constrained, we quote the 95% CL upper limits.
Planck+WP+BAO +H0+SZ+Lensing +BICEP2
Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits
Ωbh
2 0.02242 0.02248+0.00033−0.00038 0.02232 0.02253
+0.00028
−0.0003 0.02267 0.02261± 0.00029
Ωch
2 0.1242 0.1275+0.0056−0.0061 0.1192 0.1228
+0.0035
−0.005 0.1267 0.1265
+0.0047
−0.0048
100θMC 1.04065 1.04045
+0.00075
−0.00074 1.04134 1.04075
+0.00066
−0.00065 1.04035 1.04044± 0.00068
τ 0.095 0.096+0.013−0.016 0.087 0.095
+0.013
−0.016 0.099 0.100
+0.013
−0.016
meffν,sterile 0.005 < 0.701 0.67 0.70± 0.16 0.62 0.68± 0.15
w −1.030 −1.060+0.160−0.110 −1.210 −1.200± 0.100 −1.167 −1.170
+0.105
−0.096
Neff 3.44 3.72
+0.31
−0.45 3.33 3.56
+0.15
−0.33 3.80 3.81
+0.28
−0.35
ns 0.975 0.984
+0.014
−0.017 0.962 0.974
+0.011
−0.017 0.986 0.987
+0.014
−0.013
ln(1010As) 3.111 3.119
+0.03
−0.034 3.087 3.110
+0.028
−0.034 3.122 3.126
+0.029
−0.034
r0.05 0.007 < 0.188 0.006 < 0.179 0.203 0.186
+0.034
−0.041
ΩΛ 0.709 0.702
+0.017
−0.020 0.720 0.717
+0.014
−0.013 0.716 0.713
+0.014
−0.013
Ωm 0.291 0.298
+0.020
−0.017 0.280 0.283
+0.013
−0.014 0.284 0.287
+0.013
−0.014
σ8 0.851 0.816
+0.038
−0.041 0.773 0.773± 0.014 0.776 0.772
+0.014
−0.015
H0 71.2 71.9
+2.3
−3.2 73.0 73.7± 2.0 74.3 74.1± 2.0
r0.002 0.006 < 0.199 0.006 < 0.183 0.210 0.193
+0.038
−0.050
− lnLmax 4904.85 4909.49 4932.30
Table 5. Fitting results for the wCDM+r+Neff+m
eff
ν,sterile model. We quote ±1σ errors, but for the
parameters that cannot be well constrained, we quote the 95% CL upper limits.
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